In this short note we treat a 1+1-dimensional system of changing type. On different spatial domains the system is of hyperbolic and elliptic type, that is, formally, ∂ 2 t u n − ∂ 2 x u n = ∂ t f and u n − ∂ 2 x u n = f on the respective spatial domains j∈{1,...,n} j−1 n , 2j−1 2n and j∈{1,...,n} 2j−1 2n , j n . We show that (u n ) n converges weakly to u, which solves the exponentially stable limit equation
Introduction
For n ∈ N and a given smooth f , we consider the following equation of mixed type: , u n (t, x) − ∂ 2 x u n (t, x) = f (t, x), x ∈ j∈{1,...,n}
2j−1 2n
, j n , (∂ x u n )(t, 0) = (∂ x u n )(t, 1) = 0, (t ∈ R), subject to zero initial conditions and conditions of continuity at the junction points {(2j − 1)/2n; j ∈ {1, . . . , n − 1}} for u n . We show that for n → ∞ the sequence of solutions (u n ) n∈N converges weakly in L x u(t, x) = f (t, x) + ∂ t f (t, x), ((t, x) ∈ R × (0, 1)) (1) subject to ∂ x u(t, 0) = ∂ x u(t, 1) = 0 for t ∈ R and zero initial conditions. Moreover, we show that the asymptotic limit admits exponentially stable solutions. Note that the stability result for the limit equation is due to the superposed effect of the hyperbolic type and the elliptic type equation: Indeed, it is remarkable that (∂ 2 t − ∂ 2 x )u = ∂ t f is not exponentially stable, if considered on the whole of [0, 1] as underlying spatial domain. Moreover, we will show that if we replace the elliptic part, u n (t, x) − ∂ 2 x u n (t, x) = f (t, x), by a corresponding parabolic one, that is, ∂ t u n (t, x) − ∂ 2 x u n (t, x) = f (t, x) the limit equation reads
subject to homogeneous Neumann boundary conditions. Moreover, we find that the limit equation is not exponentially stable (in the sense of [5, Definition 3.1], see also [7, Section 3.1] ). For the proof of the homogenization (i.e. the computation of the limit equation) and stability results, we will employ the notion of evolutionary equations developed in [3, 4] . We will use results on exponential stability of [5] (with an improvement in [6] ) developed in this line of reasoning. The computation of the limit equation is based on [9, 8] . In the next section, we will recall the notion of evolutionary equations and the results mentioned. The third section establishes the functional analytic framework for the equations to study. Moreover, we provide the proof of the result mentioned concerning the hyperbolic-elliptic system. We address the case where the parabolic equation replaces the elliptic one in the last section.
Evolutionary Equations
In the whole section, let H be a Hilbert space. For ν ∈ R we define
endowed with the obvious norm (and scalar product). We set
where f ′ denotes the distributional derivative and
For a closed, densely defined linear operator B in H, we shall denote the corresponding lifted operator to L 2 ν (R; H) by the corresponding calligraphic letter, that is,
The exponentially weighted L 2 -type spaces have been used to obtain a solution theory for abstract operator equations in space time. L(H) denotes the space of bounded linear operators in H.
Assume there exists c, ν > 0 such that for all µ ν, we have
Then the operator
Remark 2.2. In the situation of Theorem 2.1, assume there is η ∈ R with the property that B
where we used Hille's Theorem to deduce that ∂ 
Next, we define exponential stability in the present context.
Remark 2.4. We refer to [5, Initial value problems], for a relationship of the latter definition to the more commonly known notion of exponential stability for initial value problems.
We recall a criterion for exponential stability particularly interesting for the present situation. ( Next, we recall a result related to homogenization of the equations under consideration. The weak operator topology will be denoted by τ w . 
Further, assume there is c, ν > 0 such that (3) holds for M n and N n instead of M and N, respectively, for any n ∈ N.
Then
Remark 2.7. Note that ∂ t,µ O + P + A −1 is a well-defined continuous linear operator in L(H). Indeed, the condition (3) is stable under limits in the weak operator topology.
The Hyperbolic-Elliptic System
To begin with, we put the equation to study into a functional analytic perspective. Recall that for n ∈ N and a given f we want to solve
subject to homogeneous initial conditions and conditions for continuity at the junction points {(2j − 1)/2n; j ∈ {1, . . . , n}} for u n . On R × j∈{1,...,n} (j − 1)/n, (2j − 1)/2n consider
as well as on R × j∈{1,...,n} (2j − 1)/2n, j/n
It is easy to check that formally the solution u n to both equations (5) and (6) lead to the first two equations of (4). Next, we write the two equations (5) and (6) within one single equation
where 1 n denotes the multiplication operator induced by a n : x → a(nx), where a :
(χ K denotes the characteristic function of a set K, that is, χ K (x) = 1 if x ∈ K and χ K (x) = 0, if x / ∈ K.) In order to account for the boundary conditions of ∂ x u n (see the third line in (4)), we define
There are no boundary conditions for u n . Hence, we let ∂ x := −∂ * x,0 and the equation (7) thus reads
We will address the conditions of continuity on the junction points after having shown wellposedness for (8) . We apply Theorem 2.1 with H = L 2 (0, 1) 2 and
It is easy to see that for all ν > 0 we have νM n + Re N n min{1, ν} and that A = −A * . Hence, we get the following theorem:
Remark 3.2. By Remark 2.3, we infer that if f is weakly differentiable with respect to time, then so is u n . Moreover, (u n , w n ) ∈ D(A). Hence, in particular, we obtain that w n ∈ D(∂ x,0 ) and u n ∈ D(∂ x ). By Sobolev's embedding theorem, we deduce that both u n and w n are continuous with respect to the spatial variables. In particular, u n is t-almost everywhere continuous on the junction points.
In order to let n → ∞ in (8), we recall the following well-known observation. a(x)dx in the weak* topology of L ∞ (R) as n → ∞.
Next, for applying Theorem 2.6, it, thus, suffices to observe that weak* convergence in L ∞ (R) is the same as convergence of the associated multiplication operators in L 2 (R) and that both the spaces D(∂ x ) = H 1 (0, 1) and
Therefore, we obtain with the help of Theorem 2.6 applied with the settings as in (9): Theorem 3.4. For every µ > 0 we have with B µ,n from Theorem 3.1 that
Proof. With the help of Theorem 2.6, it suffices to observe that both 1 n and 1 − 1 n converge in the weak operator topology to 1/2, by Theorem 3.3.
Next, it is an application of Theorem 2.5 that T µ is exponentially stable:
Theorem 3.5. For every µ > 0 we have that T µ from Theorem 3.4 is exponentially stable.
Proof. The assertion follows by observing that Re 1/2 0 0 1/2 1/2 > 0 and by applying Theorem 2.5.
We conclude with observing that for (u, w) with the property T µ (f, 0) = (u, w) we obtain for smooth f (see also Remark 2.3)
Reading off the second line, we get
Thus, the first line reads
So, ∂
The Hyperbolic-Parabolic System
In the concluding section, we consider
subject to homogeneous initial conditions and conditions for continuity at the junction points {(2j − 1)/2n; j ∈ {1, . . . , n}} for u n . As the arguments are similar (if not entirely the same) to the case treated in the previous section, we will not give the details here. Rewritten as a (2 × 2)-block operator matrix system, equation (10) reads
as an equation on R × (0, 1). So, ((u n , w n )) n converges weakly to the solution (u, w) of
Thus, written as a second order system, we get the following equation for u:
Let f (t, x) = ϕ(t)χ [0,1] (x) for some non-negative, compactly supported, smooth function ϕ = 0. Then, with the ansatz u(t, x) = ψ(t)χ [0,1] (x), we arrive at
So, ∂ t ψ = ϕ.
Thus, as ϕ is positive and compactly supported, ψ(t) = t −∞ ϕ(τ )dτ is eventually constant. Hence, the limit equation is not exponentially stable in the sense of [5, Definition 3.1] (see also [7, Section 3.1] ).
